Abstract. We prove that the index formula for b-elliptic cone differential operators given by Lesch in [6] holds verbatim for operators whose coefficients are not necessarily independent of the normal variable near the boundary. We also show that, for index purposes, the operators can always be considered on weighted Sobolev spaces.
Introduction
Let M be a smooth compact manifold with boundary, m a smooth positive bmeasure on M . With respect to a suitable choice of a collar neighborhood π : U → ∂M of the boundary and globally defined defining function x we may assume m = 1 x dx ⊗ m ∂M where m ∂M is a smooth positive density on ∂M . Let X be a vector field defined near ∂M such that X is vertical with respect to π and Xx = 1. Let E be a vector bundle over M and A ∈ x −ν Diff m b (M ; E) be b-elliptic, ν > 0 (see Lesch [6] or Melrose [7] for the notation). Fix a hermitian metric on E and compatible connection ∇. Write D x = −i∇ X . The operator A = x −ν P is said to have coefficients independent of x near the boundary if xD x P = P xD x near ∂M .
Regard A as an unbounded operator
b (M ; E) and denote by D min the domain of the closure of A. It is convenient to assume µ = −ν/2; we can always reduce to this case by conjugation with x µ+ν/2 . In Section 2.4 of [6] Lesch gives an analytic formula for the index of A on D min , assuming that it has coefficients independent of x near ∂M . This index formula is derived via heat trace asymptotics, also obtained in [6] . In this note we show that the formula remains true also without the assumption on the coefficients.
The results presented here represent a significant simplification of various aspects of the analysis of b-elliptic cone operators and show that simplifying assumptions made by various authors can be used in the general case. For instance, operators with coefficients independent of x have a certain scalability property which was crucial in the works of Cheeger [2] and Lesch [6] . This independence was also assumed by Schulze, Shatalov and Sternin in [9] although, in the case they considered, a much simpler homotopy invariance argument can be used to avoid this assumption.
From the technical point of view, the simplification comes about by observing first that for the purpose of index calculations, one can reduce to the case where the operator has coefficients independent of x near ∂M (Theorem 2) and second, that one can assume that the domain is the weighted Sobolev space x ν/2−ε H m b (M ; E) with suitable small ε > 0 rather than D min (Theorem 4) by replacing A with x ε A.
The index formula
We shall need the following lemma which also establishes the notation. Lemma 1. On D min (A), with small enough ε > 0, the operator norm
and the norm
is continuous for ε < ν. The equivalence of the norms follows from the continuity of (
which is a consequence of the closed graph theorem.
Clearly, A and A τ have the same conormal symbol.
Theorem 2. For small enough τ , A τ is also b-elliptic, and therefore
Proof. Let σ(A) denote the totally characteristic principal symbol of A order m. Then
withω τ = (x/τ )ω(x/τ ). Sinceω τ is bounded, τω τ is small for τ small, and thus the invertibility of σ(A) implies that of σ(A) − τω τ σ(A 1 ) for such τ . Hence A τ is b-elliptic too. Since A and A τ have the same conormal symbol, part 1 of [5,
. From the b-ellipticity of A it follows that there is a bounded parametrix Q :
such that
is bounded for all s and γ. Write
in continuous. Then, using Lemma 1 we get
Altogether,
Using Lesch's formula [6, Cor. 2.4.7] and Proposition 3.14 in [5] we get
The various terms occurring in the index formula are defined as follows. 
is a function only of the singular coordinate
By Proposition 2.2.6 of [6] ,ζ(L, z) is meromorphic on a half plane ℜz < δ for some δ > 0, with only possible simple poles at the points (dim M − k)/m, k = 0, 1, . . . . Note thatà priori, the function defined by (1) may have a simple pole at z = 0; however, as shown in [6, Cor. 2.4.7] , this function is in fact regular there.
As already mentioned, the index formula of Corollary 3 is an extension of Lesch's result [6, Cor. 2.4.7] to operators which do not necessarily have coefficients independent of x near the boundary. This index formula also generalizes the theorem of Brüning and Seeley [1] for first order regular singular operators. Index formulas for cone differential operators were first proved by Cheeger [2] for the Gauss-Bonnet and signature operators on a conic manifold, and were later generalized by Chou [3] to Dirac operators. For formulas in the pseudodifferential situation see Fedosov, Schulze and Tarkhanov [4] . For formulas in the totally characteristic case (ν = 0), see Melrose [7] and Piazza [8] . We should point out, however, that the results of this note only apply when ν > 0.
Index on Sobolev spaces
In general, D min is not a Sobolev space. The problem lies in the possible presence of elements of spec b (A) along the line ℑσ = −ν/2. However, for index purposes, one can conveniently reduce the analysis to a slightly modified operator whose closure has a Sobolev space as its domain:
ε A, and regard it as an unbounded operator on
Proof. Write A = x −ν P with P ∈ Diff m b (M ; E). Let η > 0 be so small that there is no σ ∈ spec b (A) with ν/2 − η ≤ ℑσ < ν/2 or −ν/2 < ℑσ ≤ −ν/2 + η. The kernel of A on tempered distributions
is the same as that of P , which we'll denote 
